Integer Linear Algebra Problem

Let Z be the integers, and for ¢,u € Z with ¢ < u let [¢,u) denote the set {¢, £+ 1,... ,u —1}.
Assume you have a subset of Z", i.e., multi-indices (xg,... ,Zn_1), given by the cross-product
(1) I, = [lo,ug) X [l1,u1) X =+ X [lr—1,Up_1)
that does not contain the zero vector, and an m x n matrix A with integer coefficients.
The question is how to determine whether there is an z € I,, with Az = 0.

This is equivalent to determining whether there is an z € I, with ||Az||? = 0, which is a
quadratic mixed integer optimization problem with constraints (and no continuous variables).

Appendix

In this appendix we start with the real problem I want to solve and manipulate it into something
that’s maybe a bit more standard.

We'll be working with multi-indices, finite vectors of integers, e.g., = (zg,... ,Zp_1), £ =
(60, v ,En,l), u = (UO, v ,un,l), e
We write £ < u to mean ¢; < u; for i =0,... ,n—1, and define for £ < u the multi-dimensional

half-open interval of multi-indices [¢,u) = [lg,up) X <+ X [lp—1,Upn—1).

Given an m X n matrix A of integers, an m-vector of integers b, and an interval [¢, u) with ¢ < u,
we want to determine whether the mapping z — Ax + b is one-to-one on [/, u), i.e., whether

(Vz,y € [l,u) |z #y) Azx+b# Ay+b.

Eg,if A=(10 1),b=(0), ¢ = (—4,—4), and u = (100,4), then A is one-to-one on [/,u), but
definitely not one-to-one on all of Z2.

We can rewrite this condition as

(Va,y € [6u) [z #y) Az # Ay.
For x € [¢,u), we write x = £ + &, where Z is now in [0,4), & = u — £, so we want to know whether
(Vé, g€ (0,a) |2 #9) A@+0)+AG+0),

or
(Va,5 €[0,4) | & £7) Ab+ Al £ Aj+ AL,
or
(V&9 €[0,a) | 2 #9) A # Ay,
or

(Ve,gel0,a)|z#7) A —g) #0.
I claim that {Z —y | &,9 € [0,4)} is the (open) interval (—u, ). The mapping is simply to put the
nonnegative components of elements in (—, %) into Z and the negative components into —3.
So we're going to drop the hats from variables, and we want to know whether
(Vo € (—u,u) |z #0) Az #0.
So that’s the problem. I decided to write (—u,u) \ {0} as
U ((_uv (u07 s Ui—1, _17 Ui4-15 - - - 7un—1)) ) ((—Uo, ceey U1, 17 —Ui+1y - -, _un—1)7 U)) ’

i=0,... ,n—1
1



i.e., as a union of intervals not containing the origin.

Hence my question: Given an interval of multi-indices that doesn’t contain the origin and a
matrix of integers A, does A have a zero for arguments in the given interval.
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